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Abstract: In this article, we considered tow procedures to estimate the fuzzy reliability for Weibull distribution,
first depends on fuzzy reliability definition that uses the trapezoidal rule in order to find the numerical
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hyper —parameters of prior gamma distribution.
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I.  Introduction:

This distribution was derived by the Swedish scientist (Waloddi Weibull, 1939) and is one of the most
important probability distributions in the study of reliability and survival functions and modeling of failure
times for electrical devices and equipment and location. It generalizes the exponential model to include non-
constant failure rate functions. In particular, it encompasses both increasing and decreasing failure rate functions
and has been used successfully to describe both initial burning failures as well as failures attributed to wear out.
A random variable X has a Weibull distribution if its probability density function is as follows:
f(t;q,p) = qpx?~exp (—px?) ;x>0 1)

g > 0 Is the shape parameter andp > 0 is the scale parameter, and X represents the random variable time to
failure.
If x ~Weibull (q, p) , then its Cumulative Distribution Function is:

F(x,q,p) =P(X <x) = fox f(wdu=1—exp(—px?); x>0 (2)
The reliability function of the distribution is defined by the following formula:
R(x) = exp(—px?) ; x>0,g>0,p>0 3)

Il.  Fuzziness and fuzzy sets:
A person faces daily decision-making in a specific situation, and the decision-making includes uncertainty
resulting from the lack of information related to the decision-making. The fuzziness or (uncertainty, and
confusion) exists wherever and when people interact with the real world, and who the types of uncertainty in the
reliability of fuzzy systems are the following
1. Imprecision as failure and maintenance times.
2. Incomplete data, such as lack of data and control test data.
3. Vagueness as in human error and linguistic description of performance characteristics such as (good,
acceptable, not good, ... etc).
4. Randomness as in vehicle failure and measurement error.
5. Subjectivity as in expert opinion and lack of knowledge.
6. Complexity, as in the relationships between system and compounds, and the interaction between subsystems.

I11.  Membership function:

The Membership function is one of the most important functions in the theory of fuzzy sets, which is
used to represent various types of fuzzy sets. It is the function that produces values within the interval [0, 1] to
express the degree of membership of each element in the universe set to the fuzzy set, in other words it is the
map that draws the degree of validity (degree of membership achievement) for each element in the universe
belonging to the fuzzy set, It is a positive value function, and the basic condition for this function is that its
range is between zero and one, then,
wi(e) = {(epua(x)),x € X,i =1,2,3, ... ... n, then,0 < pz(x) < 1} (4)
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4. Fuzzy numbers: used to describe the state of uncertainty, and they are numbers that are often triangular,

trapezoidal, or any other shape.
The fuzzy number is a fuzzy set with the following conditions:
e Convex and Normalized
e The membership function pz(x;) is semi-continuous from the top in a real numbers R

e The level set a is determine for each a € [0,1]

The Fuzzy Number types as following:
i) Triangular membership function
It is defined by three numbers a4, a,,a; where, a; < a, < a3 and the base of the triangle is the interval

[a4, a3] and its head is at x = a,and can be written in the following form:

_ N = (a,/a,/a3)
And the fuzzy triangular number N = (a,/a,/as) is distinguished by the triangular membership function and
its formula is as follows:
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Figure 1 Triangular membership functions

ii) Trapezoidal Fuzzy Number:
It is defined by four numbers: a,, a,, as, a,, where a; < a, < a; < a, and the base of the triangle is the period

[a;, a,] and its top at the interval [a,, as]and can be written in the following form:

_ M = (a,/a;, a3/a,)
The trapezoidal fuzzy number M = (a,/a,, a3/a,) is characteristic of the trapezoidal membership
function and its formula is as follows:

Xx—aq
g (x) = | —~ a <x<a, (6)
2—a1
1 y a, <x<as
ajg—
=4 <x<
p— a; <x<a,
0 o.w
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Figure 2 Triangular membership functions

iii) Gaussian fuzzy number:
If the function of the membership function that almost has the shape of a bell, as functions of this type are a
good alternative to the trigonometric functions that have an inflection point ((c £ b / 2) on each side of the

function.
i (o) = ——e(G)) @)

2no
1

0.5
0
-
Figure 3 The Gaussian Fuzzy number
5. Fuzzy sample space: It is the fuzzy parts ¥ = (%, ... coe oo.., ) OF X = (X4, e ev ooevt, X)), in Other words it

is the set of fuzzy sub-sets of X with functions of membership is the Borel Measure, and verify orthogonally:
D=1
- - - - %EX
For each xe X, it is also called a fuzzy information system (FIS).

6. Fuzzy Reliability:
Let T be the continuous random variable respectively the failure time of a system or unit or component then by
using the formula of fuzzy probability. The fuzzy reliability can be obtained as following,

R =p(T>t)= f: n(x)f(x)dx ; ost<x <o (8)

Were p(x) is a the membership function represent for every element of a given universe, the degree to which
this element belongs to fuzzy set:
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Now ,assume that p(x) is,

o x<ty
1
n(x) = — t, Sx<t, ; ;>0 ©)
< 1 x>t,
-

For u(x) by computational method of the function of fuzzy number, the lifetime x(a) can be obtained
corresponds to a certain value of a-cat, o €[0,1],as follows,

ux)=a — tx_t: =q , then
27t
x(a)<t, ; 0=0
x(a)=>t, ; o=1

Thus ,the fuzzy reliability values can be obtained for all values of o as,

R®)amo = J, ' f(2)dx (11)
R(®ocaer = [ 7™ £ (12)
RO =1 = [ f(0dx (13)

7. Fuzzy Reliability of Weibull distribution:

we consider tow procedures to estimate the fuzzy reliability of a weibull distribution, first procedure depends
on the definition of fuzzy reliability and the second is Bayesian procedure .assume that f(x)) represent the pdf
of weibull distribution,then ,

the fuzzy reliability definition
x(@)=0

R)g=0 = j 0gpx9~* exp(—px?) =0

31
5 x(@)(0<a<1) x—t
R(t)o<acs =, po—
_ fx(a)(0<a<1) x—tq
- t1 ty—tq

Ok [1_ (?,pth) _F(%,px(a)q)] _ﬂ[[e—rl — e—x(a)]] (14)

Tttty ta—t;
R@®aer = J,7 1apxa™ exp (—px9) dx
= pq f,? x4 exp (—px9) dx
= [e7Pt1® — e7Pe2"] (15)

qpx9~" exp (—px9) dx

x9 1 exp (—px%) dx

8. Fuzzy Maximum likelihood for weibull:
Let p,q represented by its maximum likelihood estimate that can be obtained from the likelihood
function L(q,p; %) .

n
L(g,p;®) =p(%q,p) = 1_[ 1f(J?: a,p)
i=
Lo(q,p;®) =TT, J, qpx?~texp (—px9) g, (x)dx (16)
Lo(q,p; ®) = q"p" [T, [ x4 exp (—px9) g, (x)dix (17)

L* = log (Lo(q, p; ) = nlog(q) + nlog(p) + Xy In (f,” x4 exp (—pxDpg, ()dx)  (18)
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The estimates of the greatest potential for parameters q and p can be obtained by maximizingL*, partial
differentiation for parameters g and p, and equating the result to zero as follows:

aL* foo[xa_1 exp —ﬁxa In(—px)+exp (—ﬁxq)xq_lln ()] px, (x)dx]

L _Tiyn ( m) — , i =0 (19)
aq q Jo x97Texp (-pxDpg, (x)dx

o _n + Zn fooo[—ﬁxaxa_l exp(—ﬁxa)ln(x)]pyci(x)dx] _

P i=1 Jo" x4 exp (—px g, (x)dx B

9. Fuzzy Standard Bayes estimation for weibull:
The second procedure : according to the Bayesian procedure assume that p and q as a gamma prior distributing
(p,q) with hyper —parameters a and b, then the posterior distribution

71(q) = £ g exp(—dq) ... (20)

m, () = %p“‘l exp(—bp) .. (21)

Based on those prior probability distributions (20), (21), the joint posterior density functions for g and p is
written as follows:

= _ _ mi(@)m(p).L(qp;X)
™ (P, %) = J m1(q).m2(p) £(q,p;®)dqdp (22)
Now according to (13), (14) and (15), we get

ﬁ (t)a:O
R (t)0<a<11=
[ @{r (229 pe,2) — 1 (229, ey -
P a0 ty-ty q ' a’
pgtlt2—tle—r1— e—xagn+c—I1pn+a—1exp —(dg+bc)i=1n0corq—1 expi(—paq) dr

~ _ ot —ptyP q e pn*+a=lexp(—(dq+bc)) H?=1f0°°xq_1 exp (—px9)dx

R(t)“zl fp fq [e ! e ] [f qnte-1pn+a-lexp(—(dq+bc)) l'[{Llfoooxq‘l exp (—-px9)dx dqdp dpdq (24)
For Bayesian procedure, with (23),(24) , we consider the following three cases to estimate the fuzzy reliability
with,

1. fuzzy observations ,xi = u(x)
2. Precise observations and fuzzy hyper-parameter b=b(a)) with

ux)=a — tx_ttl =a, were bl and b2 represents the lower and upper confidence interval of b ,and then we
27l
have ,
b(a)<bl ; b=0
b(a)<b; + a(b, — by) ; 0<b<1 (25)
b(a)> b, ;o b=l

3-fuzzy observations ,xi= u(x) and fuzzy hyper-parameter , b=b(a) .

10-Applied data description:

The idea of taking samples about restorative ceramics for teeth was born because the cost of dental
restoration is sometimes high, especially in advanced cases of dental diseases, as well as the difficulty of
obtaining failure times that represent the failure of restorative ceramics to perform its function. They had records
to record the time of building restorative ceramics for the teeth of the patients who visited the center. As every
patient who visits the center for the purpose of restoring a tooth, a ceramic filling, or something about dental
restoration, a file is opened for him inside the center, and this file remains even when the same patient is
reviewed in the next times, so the time of the beginning of the restoration is recorded and until the patient is
reviewed again when a fracture occurs Or damage or failure in the restoration, and the time of return is recorded.
Thus, times were obtained representing the time until failure of the restorative dental ceramics for the auditors
of the center in days during a period of 5 years, represented by (50) views. The estimation methods that were
presented in the theoretical side will be applied for the purpose of calculating the reliability of restorative
ceramics. For my dental agencies:
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Table (1) shows the applied data

ti 0.14 0.16 0.19 0.24 0.29 0.54 0.80 1.47 3.23 9.43
ti 0.07 0.16 0.27 0.43 0.44 0.83 1.81 2.11 2.97 4.27
ti 0.08 0.21 0.25 0.38 0.41 0.47 1.26 5.82 7.90 11.24
ti 0.06 0.15 0.28 0.28 0.32 0.49 0.66 1.48 1.69 2.06
ti 0.10 0.11 0.18 0.23 0.25 0.65 1.51 1.65 2.89 9.38

Table (2) shows the values of the real sample statistics, as follows:

Table (2) Real Sample Statistics

Statistic Value
Mean 1.6458
Std. Error of Mean .37265
Median 4550
Mode .16
Std. Deviation 2.63505
Variance 6.943
Range .06
Minimum 11.24
Maximum 1.6458

11-Data Fitting Test:

For the purpose of knowing the real data distribution that represents the failure times of the cardiac stent, the
(Easy Fit) program was used based on the tests (Kolmogorov-Smirnov, Anderson-Darling, Chi-Squared).
For testing the following hypotheses:

Ho: The data have the Weibull distribution

H;: The data does not have the Weibull distribution

The results as shown in Table (3):
Table (3) data fitting tests

Test Kolmogorov-Smirnov Anderson-Darling Chi-Squared
Statistic P-value Statistic P-value Statistic P-value
0.14736 0.20624 0.18665 3.2892 7.0038 0.13411
Weibull Para_meter q 082193 b 1.01426
s estimates

We note from Table (3) that the value of Sig. for all tests greater than the value of the level of significance of
0.05 and for both distributions, so we don't reject the null hypothesis.

12-Data Analysis:

The estimation methods used in the theoretical side were used to estimate the fuzzy reliability function for each
of the Whipple distribution and the Kumaraswamy distribution for the real data that represent the failure times
of dental restoration ceramics as follows:

The table (4) showed the failure time of dental restoration ceramics and the degree of membership for each time,
and the real fuzzy reliability, maximum likelihood estimation for fuzzy reliability, and Bayes estimation for

fuzzy reliability for Weibull distribution :

Table (4) fuzzy real reliability and fuzzy reliability under the methods of estimation for Weibull

distribution

t Membership R _Real R MLE R _Bayes
0.14 0.007156 0.99960 0.99108 0.99965
0.16 0.008945 0.99936 0.98907 0.99945
0.19 0.011628 0.99905 0.98697 0.99918
0.24 0.016100 0.99816 0.98253 0.99839
0.29 0.020572 0.99755 0.98020 0.99786
0.54 0.042934 0.99497 0.97286 0.99558
0.8 0.066190 0.99382 0.97030 0.99456
1.47 0.126118 0.99251 0.96769 0.99340
3.23 0.283542 0.99251 0.96769 0.99340
9.43 0.838104 0.98937 0.96235 0.99062
0.07 0.000894 0.98752 0.95961 0.98897
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0.16 0.008945 0.98321 0.95402 0.98513
0.27 0.018784 0.97802 0.94829 0.98050
0.43 0.033095 0.97508 0.94537 0.97787
0.44 0.033989 0.97190 0.94243 0.97502
0.83 0.068873 0.97190 0.94243 0.97502
1.81 0.156530 0.96476 0.93645 0.96863
211 0.183363 0.96079 0.93343 0.96507
297 0.260286 0.96079 0.93343 0.96507
4.27 0.376565 0.95656 0.93037 0.96126
0.08 0.001789 0.94214 0.92107 0.94828
0.21 0.013417 0.90520 0.90192 0.91486
0.25 0.016995 0.88251 0.89212 0.89422
0.38 0.028623 0.86581 0.88552 0.87897
041 0.031306 0.85698 0.88220 0.87090
0.47 0.036673 0.82865 0.87216 0.84491
1.26 0.107335 0.80826 0.86542 0.82613
5.82 0.515206 0.75233 0.84842 0.77434
7.9 0.701252 0.60946 0.81049 0.63994
11.24 1.000000 0.59554 0.80702 0.62667
0.06 0.000000 0.39818 0.75835 0.43477
0.15 0.00805 0.35775 0.74794 0.39442
0.28 0.019678 0.02794 0.60365 0.03837
0.28 0.019678 0.00345 0.53845 0.00562
0.32 0.023256 0.00307 0.53546 0.00505
0.49 0.038462 0.00215 0.52653 0.00364
0.66 0.053667 0.00033 0.48609 0.00066
1.48 0.127013 0.00018 0.47492 0.00038
1.69 0.145796 0.00003 0.44246 0.00006
2.06 0.178891 0.00000 0.37993 0.00000
0.1 0.003578 0.00000 0.36825 0.00000
0.11 0.004472 0.00000 0.21978 0.00000
0.18 0.010733 0.00000 0.20786 0.00000
0.23 0.015206 0.00000 0.17281 0.00000
0.25 0.016995 0.00000 0.07883 0.00000
0.65 0.052773 0.00000 0.02175 0.00000
151 0.129696 0.00000 0.00322 0.00000
1.65 0.142218 0.00000 0.00075 0.00000
2.89 0.253131 0.00000 0.00071 0.00000
9.38 0.833631 0.00000 0.00011 0.00000
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Reliability for Fuzzy Weibull distrbution
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Figure (4) curves of fuzzy reliability under the methods of estimation for Weibull distribution

Density for Fuzzy Weibull distrbution
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Figure (5) curves of fuzzy density curve under the methods of estimation for Weibull distribution

13. Results discussions:

we have discussed tow estimation procedures for the weibull distribution Fuzzy reliability of the first
procedure: depends on fuzzy reliability definition that uses the composite trapezoidal rule in order to find the
numerical integration and the second: is Bayesian procedure with in formative gamma prior based on squared
error and precautionary in Bayesian ,we have proposed to consider two different cases: 1.when the data are
available in the form of fuzzy information "fuzzy observations". Precise observation with fuzzy hyper-
parameter.
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Table (4) and Figures (4) and (5) show that the best way to estimate the fuzzy reliability function of the Weibull
distribution is the Bayes estimators method because it is the closest to the true fuzzy reliability values, and the
maximum Likelihood method, we note that the fuzzy reliability estimated according to the estimation methods
is decreasing with time. The greater the time of failure of the restorative ceramics for the teeth, the less the
reliability of the restorative ceramics for the teeth.
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