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Abstract

Rabies is a highly fatal zoonotic viral disease primarily transmitted through bites or saliva of infected animals,
with dogs serving as the main reservoir responsible for the majority of human cases worldwide. In this study, a
deterministic mathematical model is developed to investigate the effects of vaccination on the transmission
dynamics of rabies in human, dog, and raccoon populations. The model is shown to be mathematically and

epidemiologically well-posed. Using the next-generation matrix approach, the basic reproduction number, R,

is derived as a key threshold parameter, and both the rabies-free and endemic equilibrium points are determined.
Analytical results establish conditions under which the equilibria are locally and globally asymptotically stable.
Numerical simulations illustrate the impact of vaccination coverage and demographic factors, such as annual
dog and raccoon births, on reducing infection prevalence and controlling rabies spread.
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L Introduction

The virus that causes rabies is called a Lyssavirus. It causes inflammation in the mammalian brain. Fever
and tickling at the exposure site are the first signs of infection. One or more other symptoms, such as erratic
movement, loss of control over body parts, confusion, fear of water, and excessive excitement, may emerge later.
After being exposed to the disease, symptoms usually don't show up for one to three months. From less than a
week to over a year, the symptoms can change. As soon as the symptoms appeared, almost all of the cases ended
in death. It spreads when an infected person or animal scratches or bites another person or animal. If an infected
animal's saliva gets into the mouth, eyes, or nose of a vulnerable animal, it can also spread rabies. Dogs are often
the most prevalent animal involved in the spread of rabies. Dog bites are the direct cause of almost 99% of rabies
cases in nations where the illness is prevalent in dogs (Addo, 2012).

In several regions of the world, vaccination and animal management have decreased the risk of dog
rabies. Individuals at high risk, such as those who work with dogs or spend a lot of time in places where rabies is
prevalent, can get vaccinated before being exposed. Rabies and vaccination (rabies vaccinations). If a person
receives treatment before symptoms develop, immunoglobulins can effectively prevent the condition. The spread
of the infections may be somewhat inhibited by washing the exposed site for 15 minutes with soap and water,
iodine, povidone, or detergent.

In early models of rabies dynamics, the populations were separated into particular classifications as
susceptible (S), exposed ( E), infectious (/ ), and removed ( R ) individuals (Anderson et al.,, 1991). The
dynamics of rabies, representing either single populations or connected meta-populations, were explained by a
system of ordinary differential equations (ODEs), from which some inferences about temporal and spatial patterns
could be made. In the early model of rabies, the basic SEIR compartmental framework was used to deduce several
crucial aspects of disease genesis and propagation. The model equation was used to determine the virus's basic

reproductive number ( Ro ) and the crucial threshold for epidemic onset. When Ro > 1, the virus will spread and

the illness will continue. One might use this to estimate the amount of population culling required to lower the
threshold density below the epizootic level. Since there is evidence of the development of natural immunity and
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vaccination, which translate susceptible into the removed class, they did not explore the R class, despite the fact
that their model was formulated using the SEIR compartmental framework.

A stochastic geographic model was developed by Smith ef al., (2002) to explain the rabies outbreak in
connecticut. forecasting rabies epidemics' spatial dynamics in diverse environments. Based on their findings, they
proposed that rivers serve as a semipermeable barrier that reduces the rate of rabies transmission by a factor of
seven. The impact of long-distance translocation and regional heterogeneity on the raccoon rabies outbreak in
Connecticut was assessed using data from the state, habitat effects, and long-distance translocation events. The
results of the re-analysis demonstrated that rivers interact to further restrict the spatial spread of raccoon rabies.

Data from Ohio was analyzed by Russell ef al., (2005) using the stochastic spatial model developed by
Smith et al., (2002). Later, they wrote a second work that used an ODE model to demonstrate how rabies
transmission could be stopped by delivering vaccines behind obstacles like rivers. The three classes were divided
into nine spatial compartments in this SIR model, resulting in a total of 27 ODEs. Their findings shown that a
large population requires a greater vaccination rate, while a smaller population requires a lower vaccination rate
at a higher cost.

Asano et al., (2008) used a SIR Meta-population model to apply optimum control to an epidemic model
for rabies in raccoons. Through the arrangement of sub-populations linked by mobility, they included space. In
addition to accounting for the cost of vaccine administration, the optimal control vector provides the vaccination
rate in each sub population that lowers the total sub-populations of infected classes.

Zhang et al., (2011) examined the real-world scenario of rabies outbreaks in China. In order to investigate
the dynamics of rabies transmission in humans and dogs as well as control measures, they developed two
mathematical models. They determined that vaccination is the most effective method of rabies control after
comparing the effectiveness of three different approaches: culling, vaccination, and culling and vaccination.

In China, Hong-tao ef al., (2014) developed a different mathematical model of rabies using comparable
control techniques. Infected dogs, individuals infected by exposed dogs, and apparently healthy canines carrying
the virus were all taken into account in their model. Their modeling and analytical analysis demonstrated that the
culling method was the most effective, followed by vaccination and culling and vaccination.

Zhang et al., (2011) state that one of China's primary public health issues is human rabies. They built a
model to investigate efficient preventative and control strategies. They put out a deterministic model to investigate
the dynamics of rabies transmission in China. In addition to taking into account the spread of rabies from infectious
dogs to humans, their model used SEIR sub-populations of both humans and dogs. The model simulations concur
with the Chinese Ministry of Health's reported human rabies data. Based on their data, they calculated that the

R, = 2 for rabies transmission in China and predicted that, although the number of human rabies cases is

declining, it would rise again around 2030. Additionally, they conducted additional sensitivity analysis about the
model parameters and contrasted the outcomes of dog vaccination and culling.

In a recent study, Isiyaku et al. (2025) developed a deterministic model to study rabies transmission
between humans and dogs, analyzing disease-free and endemic equilibria using the basic reproduction number
(RD). Their results show that vaccinating dogs is the most effective strategy to reduce rabies spread, with dog-to-
dog transmission and dog recruitment rates being the most influential factors. The study highlights the importance
of targeting interventions in the dog population to control rabies, Musa et al. (2024) used a delay differential
equations model to study rabies transmission between humans and dogs, showing that the disease-free equilibrium
is stable when the control reproduction number is below one. Their simulations indicate that vaccinating both
humans and dogs, improving treatment, and controlling dog births are the most effective strategies for reducing
rabies spread, with longer incubation periods further limiting endemicity. The study highlights the importance of
combined interventions targeting both species to control rabies effectively.

In their work Modeling the Dynamics of Rabies Transmission with Vaccination and Stability Analysis,
Ega et al., (2015) developed a deterministic mathematical model for the dynamics of rabies transmission in
humans and animals in and around Addis Ababa, Ethiopia. Their model took into account a dog population
immunization program. They calculated the basic reproduction number and the effective reproduction number.
Their findings are entirely dependent on the dog population's parameters, demonstrating that the dog population
is the source of infections in humans and animals. They calculated that the disease will be endemic for several
sets of parameter values based on data from the Ethiopian Public Health Institute in Addis Ababa. They discovered
that the basic reproduction number was 2 and the effective reproduction number was 1.6. Their computer modeling
of the reproduction ratio demonstrates that the most effective way to stop the spread of rabies in and around Addis
Ababa is to combine vaccination, stray dog culling, and annual puppy crop control.

The major way that rabies is spread to people is through dog bites or scratches, particularly from infected
dogs (Jibat ef al., 2017). Additionally, direct contact with a wound or mucosal surface (such as the mouth, nose,
or eye) contaminated by a rabid dog's saliva can spread rabies (Chapwanya et al., 2016). Rabies can infect humans
and other creatures by aerosol transmission or tissue and organ transplantation (Alan and Jackson, 2008; Tenzin,
2012). Early rabies symptoms include fever with pain, unusual or unexplained tingling, hyper-salivation, sore
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throat, cough, nausea and vomiting, and a burning or pricking sensation (paranesthesia) at the site of an animal
bite. These symptoms are similar to those of the flu in the early stages of infection (Stanley, 2000; WHO, 2019).
Subsequently, the virus progressed to the central nervous system, causing increasing and lethal inflammation of
the brain and spinal cord, which then led to paralysis and hyperactivity (Stanley, 2000).

The majority of rabies cases are caused by an infected dog's bite. The severity of the lesion, the site of
the bite, the amount and type (genotype) of virus implanted into the wound or wounds, and the promptness of
post-exposure prophylaxis (PEP) all influence the outcome of RABV exposure. In the absence of PEP, the average
risk of contracting rabies after being bitten by a rabid animal is 55% for the head, 22% for the upper extremities,
9% for the trunk, and 12% for the lower limb. 9. Human bite victims' risk of infection is influenced by the
fluctuating virus load in the saliva of dogs infected with RABV. Infection with RABV in rodents is extremely
rare. There have been no documented human rabies cases caused by rodent bites (WHO, 2018). Considering all
the above-reviewed articles, none of the above considered raccoon’s population. This work formulated a
deterministic model to study rabies dynamics, which took into consideration raccoons population. We specifically
targeted to study the impact of vaccination on the proposed model.

11 Model Formulation
The model consists of three populations: humans, dogs and Raccoons living in the same environment.
At any time ¢, the human population is divided into three sub-populations of vaccinated humans p, (¢)

susceptible humans g, (r), infected humans 7, (¢), . Hence, the total population of humans denoted by N, ()
is given by
N, (6)=V, (t)+S, (0)+1,(1)

Similarly, at any time ¢, the dog population is subdivided into three sub-populations of vaccinated dogs
V,(t),susceptible dogs S, (), and infected dogs 7, (¢),so, the total population of dogs is denoted by

N, (), is given by
N, (t)=V,(t)+S,(0)+1,(?)

Furthermore, at any time ¢, the dog population is subdivided into three sub-populations of vaccinated Raccoons
V. (), susceptible Raccoons §,(¢), and infected Raccoons [, (¢)so, the total population of dogs is denoted by

N,(¢), is given by

Ny () =V (1) +Sp()+1, (1)
Recruitment into the human population is done by administering vaccination for the newly born babies at a
rate #II,, and decrease due to non-effectiveness (failure) of vaccination in Human at a rate ¢;,, and natural

death rate 4, for all human class. The population of susceptible population is increase by the proportion of
non-effectiveness (failure) of vaccination in human at a rate ¢,, and (1 - r)H y and decreased by sufficient
contact between susceptible human and infected dogs at a rate f3,,,S,,,, where /3, is the transmission rate of
RABYV from dog to Human. The infected population 7, (t) is increased by sufficient contact between susceptible

human and infected dogs at a rate and decreases by natural death and death due to RABV i.e., x4, and d,,

respectively.
Similarly, recruitment in to dogs population is done also by administering vaccination due to increase in

dogs annual birth of puppies atarate pII, and decrease due to non-effectiveness (failure) of vaccination in dogs
population at a rate o, and death rate ¢, , the population of the susceptible dogs is increased by the proportion
of non-effectiveness (failure) of vaccination in dogs at a rate o, and (l - p)H p and decreased by sufficient
contact between susceptible dogs and infected Raccoons at a rate of f3,,S,/, where [, is the transmission
rate of RABV from Raccoons to dogs . The infected dogs population /,, (t ) is increased by sufficient contact
between susceptible dogs and infected Raccoons at a rate of /3,51, and decreased by natural death and deaths

due to RABV atarate 1, and c,respectively.

Furthermore, recruitment in to Raccoons population is done by vaccinating the newly born raccoons at a rate
pIl, and decrease due to non-effectiveness (failure) of vaccine in Raccoons population at a rate ¢, and death
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rate i, , the population of the susceptible Raccoons is increased by the proportion of non-effectiveness (failure)
of vaccination in Raccoons ata rate ¢, and (1 — Z) IT, and decreased by sufficient contact between susceptible
humans and infected Raccoons at a rate of f,, S, I, where [, is the transmission rate of RABV from
Raccoons to Humans. The infected Raccoons population [, (t) is increased by sufficient contact between
susceptible humans and infected Raccoons at arate of f3,,,S,, 1, and decreased by natural death and deaths due

to RABV atarate 4, and e,respectively.

The biological assumptions of the model are as follows:

i. The dogs mix homogenously.
il. All infected dogs and Raccoons dies because showing symptoms of sickness are clubbed to death, and
their meat are used as meal.
iil. Age, sex and type of the dog, coupled with the climatic conditions, do not affect the probability of a dog
being infected.
FLL, (1-r)IL,
a 1.8
Vy - S L I I, I
Hu  —l ”
Ny
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Figure 1: Schematic diagram of the model
The proposed model's dynamics are given as a system of non-linear ordinary differential equations, which are as
follows:

djt” =a,Vy +(1=r)T, = (A + ;) S,y
dv,

d_tH:”HH_(/JH +aH)VH

dl

d_f:/lusu _(/Ju +d1/)111

ds
d—tD:UDVD+(l—p)HD—(ﬂD+,uD)SD
dv,

d_tH:an—(yD Yo, Wy e (2.1)
dl

d_tD:ﬂ'DSD _(:UD +CD)ID

ds

7:=¢RVR +(1=2), —(Ag + 14z ) Sg
dav,

T::ZHR_(¢R+IUR)VR

dl

T:ZJ’RSR _(IUR +eR)IR

where:
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1 = IBDHSH]D +IBRHSH1R 1 = ﬂRDSDIR +ﬁDDSDID 1 = :BRRSRIR
H N, > D N, > R N,
with :
S,(0)>0,7,(0)>0,1,(0)>0,5,(0)>0,V,(0)>0,1,(0) > 0,5,(0) > 0,7,(0)>0,,(0)> 0.

The basic model (2.1) will now be analysed to gain insights into its dynamical features.

Basic Properties

For the basic model (2.1) to be biologically meaningful, it is important to prove that all its state variables are
non-negative for all time. In other words, solutions of the model system (2.1) with positive initial data will

remain positive for all time ¢ > 0. This is shown below.

Theorem 2.1. Let the initial data S,;;(0) >0,V,(0)=0,1,(0)=0,S5,(0)>0,V,(0)=0,1,(0)=0,
$.(0)>0,V,(0)=0,1,(0)=0. Then the solutions (SH,VH,[H,SD,VD,[D,SR,VR,]R) of the basic

model (2.1), with positive initial data, will remain positive for all time t >0 .
Proof. Let

t, =supit>0:S,(£)>0,V,(t)>0,1,(t)>0,S,(t)>0,V,(t)>0,1,(t)>0,
Sp(6)>0,V,(£)>0,1,()>0}
Thus, £, > 0. The first equation of model (2.1) we have;
a,V, +(-nIl, —(4, +w,)S, =2(1=-rIl,, - (1, + u1,)S, (2.1)

Equation (2.1) can be re-written as

d

E[SH (t) exp( jo A, (2)dr + qu)} > (1-)I1,, exp ( jo A, (2)dt + ,th)
Now, integrating both sides of from ¢ =0 to # =, , we have,

Sy (tl)eXp(J-Otl Ay (D)dT + lthl ) -S5,(0)

> jol (1-r)II1, exp (IOX Ay (T)dT + ,uHx) dx
Hence,

Sy(t)= eXp(_J-OI Ay (T)dT = 1, ) X

[SH (0)+ I; 1-mnII,, exp('fox A, (T)dT + uHx)dx} >0

This implies that .S, (l‘l) >0 forall 4> 0. Hence, S}, (t)>0fort>0.

From the fourth equation of model (2.1) we have;
o,V +(=p), = (4, + 1,)S, 2 (1= P, = (A, + 1,,)S), (2.2)

Equation (2.2) can be re-written as

%[SD (t)exp ( jo A, (T)dT + Wﬂ > (1- p)I1, exp (jo Ap(T)dT + ﬂDf)

Now, integrating both sides of from ¢ =0 to ¢ = t,, we have,

Sp(t) eXp(J-Ot1 Ap(T)d7 + /thl ) —S,(0)

> J‘O‘ (1-pI1, exp(j0 Ay (r)dt + ,qu)dx

Hence,
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Sp(t)= eXp(_jOl Ap(7)dT — /thl) X

[SD (0) +J‘0tl 1-pII, exp(J‘; Ay (T)dT + ny)dx} >0

This implies that S, (¢,) >0 forall ¢, > 0. Hence, S,(¢) >0 forz>0.

From the seventh equation of model (2.1) we have;
GV + (1=, = (A + 1) S 2 (1= 2) , — (A + £4,)S, (2.3)

Equation (2.3) can be re-written as

d

E[SR () exp(j; A (v)dr + ,uRtﬂ > (1-2)I1, eXp(Lt A (v)dT + ,uRt)
Now, integrating both sides of from = Otor= t,, we have,

Su6)exp[! 2(2)dr 4t ) -5,(0)

> jol (1-2)I1, exp (‘f; Ay ()dT + ,qu) dx
Hence,

o)z exp(~ [} 24(0)dr = )

[SR O+ [ a-2, exp( [ 2@z + ,qu)dx} >0

This implies that S (#,) >0 forall #, > 0. Hence, S,(¢) >0 for ¢ > 0. Similarly, it can be shown that
V,>0,1,>0,V,>0,1,>0,V,>0,I, >0 forall time # > 0. Hence, all solutions remains positive for

all non-negative initial conditions, as required.
Since all parameters and state variables of the model (2.1) are non-negative for all # > 0, adding the human
sub-populations, we have

dN,
dtH <y —uyNy

it follows, using comparison theorem [44], that

N, (1)< N, (0)e™" + &(1 —e),

Hy
T, I, . . .
so that, N, (#) < —= if N, (0) <—=. Similarly, adding the dog and raccoon sub-populations, we have;
Hy Hy
dN,,
<II,—-u,N
dr p ~HpNp
and
dN,
<II,-u,N
Jr R MgV

it follows, using comparison theorem, that

I
N, () < N, (0)e " +—L(1-e ")
D
and

N, (1)< N, (0)e ™" + &(1 —e )

R
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I1 I1 IT I1
so that, N, (1) < —2,N,(t) <—=L if N,(0)<—=2 and N,(0) < —= respectively. Consequently, the

D R Hp Hp
following biologically-feasible region:

Q=0Q,uQ,uQ, cl’x0’x0?
Where:

Q, :{(SH,VH,IH)GD LN, gH_H}, Q, :{(SD,VD,ID)GD SN, g&},
Hy Hp

Hp

Is positively invariant for the model (2.1) (that is, all solutions of the model with initial conditions in Q will

Q, :{(SR,VR,IR)GD LN, g&}

remain in € for all time ¢ >0 ). It is, therefore, sufficient to consider the solutions of the model in Q) . This
result is summarized below.

Lemma 2.1: The region {2 is positively invariant for the basic model (2.1) with initial conditions in L] i .

33 Existence and Stability of Equilibria
3.2.1  Rabies-free equilibrium point (RFE)

The rabies model (2.1) has RFE (1 y=1,=1,= 0) , obtained by setting the right-hand sides of the reduced

model equations to zero, given by
0=a,V, +(1-r)I1, —(4,; + 1, )S,
0=rIl, —(p, +a,)V,
0=0,V, +(1_P)HD _(;tD +:uD)SD
0= pll, =(up +op,)V)
0=g Ve +(1—2)T0, — (A + 2z ) Sy

0=zIT, _(¢R +ILIR)VR
Solving equation (4) for the RFE, we obtained

Epp =[S5.75,0,55,V5,0,50,,0]

“)

where:
o My (1_F)HH+aHHH 0 I,
Sy = V)=
Hy (ﬂH"'aH) Oy + Hy
o_ﬂD(l_p)HD"'O-DHD o _ M
Sy = , Vy=—"—
ILID(ILID_'_O-D) Oy + Hy
g0 — Hp (I_Z)HR + @I, o — zI1,
R™ > Yy =
Hp (/uR+¢R) P + Ly

The linear stability of ESF can be established using the next generation operator method on the system (2.1).

using the notation in [83], the matrices F’ % and 7° , for the new infection terms and the remaining transfer terms,
are, respectively, given by,
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0 ﬂDHSIOJ ﬁRHS;—)I
Ny Ny
F'—|o ﬁDDSg ﬂRDSg
Ny N,
0 O ﬂRRSlg
L NR J
and,
My +d, 0 0
V=l 0 Uy +C)p 0
0 0 U, +e,
so that,
R, = p(EJVoil):maX[RDaRR]
where:
IT, +(1-p)II IT, +(1-2)I1
RD:ﬂDD(O-D p+(1-p) D/uD) andRR::BRR(¢R rT(1-2) R/uR)

luD(o-D_'_luD)(/uD_'_cD) /uR(¢R+/uR)(luR+eR)

where O represents the spectral radius. Hence, using Theorem 2 of [83], the following result is established.
Lemma 3.1. The RFE of the basic model (2.1) is locally asymptotically stable (LAS) whenever RD <1, and
unstable if R, >1.

The threshold quantity, RD , is the basic reproduction number of model (2.1). it measures the average number of

new RABV cases generated by a typical infected individual introduced into the susceptible population. The
epidemiological implication of Lemma 3.2 is that a small influx of HIV-infected individuals will not generate a

large outbreak in the population if the quantity RD can be brought to (and maintained at) a value less than one.

3.3.2  Endemic equilibrium point
The RABV endemic equilibrium point (i.e., equilibria where the infected components of the model are nonzero).
Let the rates of infection be given by

/1:; :ﬁDH*{I*J* _'_ﬂRHi]Z* ’ /1;* _ ﬂDDi;* +ﬂRDi;* and /1;* :ﬂRRi;*
Ny Ny Np Np Ny

The endemic equilibrium point is given by

sk ek sk sk ek sk sk ek sk
EEE :[SHﬁVH ’IH’SD ’VD 7[D ’SR ’VR ’IR ]

where:
5 Hi[aH+(l—r),uH], - rI,, e **HHA:[aHJr(I—r)yH] |

(Ay + 1 Nty + ) Hy + 0y (A + )y + oy Ny +dy)
SZ* _ HI:*[O-D +(1- p)luD] ’ VD** _ pi, , I;* _ *FD)]“;* [O-D +(1- p)/uD] ,

(Ay + 1)ty +03) Hp T 0O (Ap +pp iy + 01y +Cp)
S;* _ H}:*[¢R +( _Z)/JR] ’ VI:* _ zIl, , I;* _ *FR;L;* [¢R + (I_Z)IUR]
(A + 1) ig + &) Uy + Py (A + 1) (g + G ) + )

which exists whenever R, >1.
3.3.2  Global stability of Rabies-free equilibrium point (RFE)

In this section, we use the Castillo-Chavez theorem (Castillo-Chavez, Feng, & Huang, 2002) to investigate the
global asymptotic stability of the disease free state. For the theorem to work, we rewrite model (2.1) in the form
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a0 _
=S,

dd—VtV = G(O,I),G(0,0)=0

where Q €| " represents the number of uninfected individuals W €| "

denotes the number of infected

population and E,, = (O°,0) represents the disease-free equilibrium. The following assumptions must be

satisfied for the disease-free equilibrium of model (2.1) to be globally asymptotically stable (See: Abdullahi et
al., 2024):

d R
H, = 7? —F(Q,0),0Q is globally asymptotically stable

H,=G(O,W)=AW —G(Q,W) where G(Q,W) >0
For (Q,W)e ), and 4 = CWG(Q*, 0) is an M-matrix (the off-diagonal elements are non-negative).

Theorem. The Rabies-free equilibrium point, E,. of the model (2.1) is globally asymptotically stable if
R, <1 and conditions H, and H, are satisfied.

Proof. Let O =(S,.V,;,S,.Vp. Sz Ve )i Cand W=(1,,1,,1;)€ * then

Lo,V + (1=, = (A + 14,) S, |

rHH—(,uH+aH)VH

£=F(Q,W)= O'DVD+(1—p)HD—(/ID+,uD)SD

dt pHD _(ILID + O-D)VD

GV +(1=2) 1T, — (A + 12 ) Sy
ZHR_(¢R+/UR)VR

And

ﬂDHSHID—i—ﬁRHSH[R _(,U +d )I
H H)"H

NH
aw =G(O,W) = BroSplr + PoSplp
dt N,
BreSelz _
NR

_(/UD +CD)ID

(/UR +eR)[R

then
Lo,V +(1-7)0, — 1, S, |
rIl,, —(,uH +aH)VH
oV, +(1_p)HD - UpS,
pHD _(IUD +O—D)VD
oV +(1—Z)HR — S,
zI1, _(¢R +/uR)VR

as t —> o0 the Rabies-free equilibrium, £, —> [Sg JV9,0,80.V,5,0,80, V), O} regardless of the initial

F(Q,0) =

conditions. Therefore, the first condition H , holds. For the second condition,
G(Q. W)= AW —G(Q, W)
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where:

So that

_(:uH +dH)IH +(ﬂDH]D +ﬂRH1R)S[0{
AW = _(CD +:uD)[D +(:BDD[D +ﬂRD[R)Sg

_(/uR +eR)1R +ﬂRR1RSR9

1S
Sy

-5
Sh

5

(ﬂDHID + ﬂRHIR )Sgl

G(Q’W) = (IBDDID +ﬂRDIR)Sg

SR

,BRRIRSg {1 T a0

R

Since 0<S, <S,0<8,<S), and 0< S, <} and since all parameters of model (2.1) are positive, it

shows that é (Q, W) > 0. This shows that E rr 18 globally asymptotically stable.

4.1

Numerical Simulations

In this section, we perform some numerical simulations using the baseline values in Table 1. In order to
confirm some of the analytical results obtained in this study. The simulations were run to investigate the effects
of vaccination on vaccinated human, dog and raccoon population, impact of vaccination on infected dogs and
raccoons and the impact of dog and raccoon birth rate on the dynamics of rabies virus.

Parameter Values Reference
In,, I1,,I1, 0.0314,5%10°,5000 Isiyaku et al., (2025)
My My My 0.0074,0.056,0.076 Isiyaku e7 al., (2025)

r 0.7 Assumed

p 0.6 Assumed

z 04 Assumed

Ch 0.042 Assumed

o, 0.025 Assumed

P 0.56 Assumed

ay 0.46 Assumed
d, 0.75 Musa et al., (2024)
ey 0.075 Musa et al., (2024)
ﬂDD’IBDH 1.58><10_5,2.29><10"12 Isiyaku et al., (2025)
Brsts BrosBre | 0.26x107,0.58x107*,1.56x107° Isiyaku et al., (2025)
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Figure 4.1: Effect of Vaccination rate on the dynamics of Vaccinated Human Population.
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Figure 4.2: Effect of Vaccination rate on the dynamics of Vaccinated Dog Population.
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Figure 4.4: Effect of Vaccination rate on the dynamics of Infected Dogs Population.
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Figure 4.5: Effect of Vaccination rate on the dynamics of Infected Raccoons Population.
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Figure 4.6: Effect of Raccoons Birth rate on the dynamics of Infected Raccoons Population.
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Figure 4.7: Effect of Dog Birth rate on the dynamics of Infected Dogs Population.

4.2 Discussion

The time—series plots in Figure (4.1), (4.2) and (4.3) illustrates the effect of vaccination on the vaccinated
dog, human, and raccoon populations under different coverage levels (25%, 50%, and 75%), compared with the
baseline scenario without vaccination. In the absence of vaccination, the vaccinated populations in all host species
remain identically zero throughout the simulation period, as expected. Once vaccination is introduced, a rapid
increase in the vaccinated dog population is observed during the early months, followed by a gradual leveling off
toward a steady state, with higher vaccination coverage producing larger and faster accumulation of vaccinated
dogs. The 75% vaccination scenario yields the highest vaccinated dog population, followed by the 50% and 25%
scenarios, reflecting the progressive reduction in the pool of susceptible dogs. A similar qualitative pattern is
observed in the vaccinated raccoon population, where vaccination leads to a sharp early rise and eventual
saturation, with higher coverage levels resulting in substantially larger vaccinated raccoon populations. This
behavior highlights the effectiveness of wildlife vaccination programs in rapidly increasing immunity within
reservoir species and reducing their contribution to rabies transmission. In contrast, the vaccinated human
population increases more rapidly but reaches a lower equilibrium level, reflecting the smaller size of the at-risk
human population and the targeted nature of human vaccination, which is often administered as post-exposure
prophylaxis. Collectively, these results demonstrate that increasing vaccination coverage across animal reservoirs
significantly enhances rabies control outcomes, with dog and raccoon vaccination exerting a strong population-
level impact on transmission dynamics, while human vaccination provides essential individual-level protection.
These findings reinforce the established public health principle that sustained vaccination of animal reservoirs is
central to rabies elimination, with human vaccination serving as a complementary intervention to prevent
mortality.

The time series simulations in figures (4.4) and (4.5) clearly demonstrate that increasing vaccination
coverage substantially reduces rabies prevalence in both dogs and raccoons over time. In the dog population, the
absence of vaccination leads to a rapid rise in infections, stabilizing at a very high endemic level, whereas
introducing vaccination progressively lowers both the growth rate and the long-term equilibrium of infected dogs,
with the 75% vaccination scenario producing the most pronounced reduction and flattening of the curve. This
indicates that sustained vaccination not only delays transmission but also significantly suppresses endemic
persistence in dogs. A similar qualitative pattern is observed in raccoons; however, the dynamics exhibit a sharp
initial outbreak followed by stabilization. Higher vaccination levels consistently reduce the peak number of
infected raccoons and the eventual endemic level, although the reduction is less dramatic than in dogs, reflecting
differences in transmission intensity and population turnover between the two host species. Overall, the figures
highlight that vaccination is an effective control strategy in both populations, with higher coverage yielding greater
epidemiological benefits, and they emphasize the critical role of mass vaccination particularly in dogs in reducing
spillover risk and long-term rabies burden across interconnected host communities.
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The time series results for varying both dog and raccoons birth rates in figures (4.6) and (4.7) reveals
that demographic recruitment plays a critical role in shaping rabies persistence in both dogs and raccoons. As the
dog birth rate increases, the number of infected dogs rises rapidly to a higher peak and settles at a substantially
larger endemic level, indicating that continuous influx of susceptible dogs sustains transmission and counteracts
disease-induced removal. In contrast, lower birth rates lead to a transient increase followed by a pronounced
decline in infected dogs, eventually driving the system toward a much lower endemic state, which highlights the
importance of population turnover in maintaining infection. The corresponding dynamics in raccoons mirror this
pattern indirectly: higher dog birth rates are associated with elevated and more persistent infection levels in
raccoons due to intensified cross-species transmission, whereas reduced dog recruitment diminishes spillover and
lowers raccoon infection levels over time. Collectively, these figures demonstrate that controlling dog population
growth through measures such as sterilization or regulated breeding can significantly reduce rabies burden not
only in dogs but also in wildlife reservoirs, underscoring the interconnected nature of host populations and the
importance of demographic factors in rabies control strategies.

Conclusion

In this study, a deterministic mathematical model was developed and analyzed to investigate the
transmission dynamics of rabies in interacting human, dog, and raccoon populations under vaccination
interventions. The model was shown to be biologically well-posed, with all solutions remaining positive and
bounded within a feasible region. The basic reproduction number was derived and identified as the key threshold
parameter governing disease dynamics. Analytical results established that the rabies-free equilibrium is locally
and globally asymptotically stable when the reproduction number is less than unity, indicating that sustained
vaccination efforts can lead to complete disease elimination. Conversely, when this threshold exceeds one, an
endemic equilibrium emerges, corresponding to persistent rabies transmission. Numerical simulations supported
these theoretical findings and demonstrated that increasing vaccination coverage, particularly among dogs and
raccoons, significantly reduces infection prevalence and suppresses endemic persistence. The simulations also
revealed that high birth rates in animal populations can undermine control efforts by continuously replenishing
susceptible individuals. The findings of this study reinforce the central role of mass dog vaccination in rabies
control while highlighting the importance of including wildlife reservoirs and demographic management in
comprehensive control strategies. From a public health perspective, the results suggest that sustained, high-
coverage vaccination combined with population control measures offers a viable pathway toward rabies
elimination. Future work may extend this framework by incorporating spatial heterogeneity, time delays due to
incubation periods, and optimal control strategies to further inform policy and intervention planning.
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