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Zeros of a Polynomial in a given Circle
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Abstract: In this paper we discuss the problem of finding the number of zeros of a polynomial in a given circle
when the coefficients of the polynomial or their real or imaginary parts are restricted to certain conditions. Our
results in this direction generalize some well- known results in the theory of the distribution of zeros of
polynomials.
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. Introduction and Statement of Results
In the literature many results have been proved on the number of zeros of a polynomial in a given circle.
In this direction Q. G. Mohammad [5] has proved the following result:

Theorem A: Let P(z) = Z a; 2! be a polynomial o f degree n such that
j=0
a,za,; =....2a 2a,>0,

1
Then the number of zeros of P(z) in |Z| < E does not exceed

log2 " a,
K. K. Dewan [2] generalized Theorem A to polynomials with complex coefficients and proved the following
results:
Theorem B: Let P(z) = Z a; 2! be a polynomial o f degree n such that Re(a;)=«a;, Im(a;) = B,and
j=0
o, 20, =...2a =2a,>0,

1
Then the number of zeros of P(z) in |Z| < E does not exceed

n
a, +Z|ﬂj|
j=0

I
Tlog2 0 [ay)

1

Theorem C: Let P(z) = Z a, 2 bea polynomial o f degree n with complex coefficients such that for some
j=0

real @, f,

Vs

j=012,.....,n
2

arga; - fl<a<

and
la,|=]ay | = 2 [ay = [ay] -

1
Then the number f zeros of P(z) in |Z| < E does not exceed

la,|(cos @ +sine +1) + 2sin ani‘aj‘
=0

|
log 2 %9 |
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The above results were further generalized by researchers in various ways. M. H. Gulzar[4] proved the
following results:

Theorem D: Let P(z) = Z a; 21 be a polynomial o f degree n such that Re(a;)=a;, Im(a;) = B;and
=0
PHo, 20, 2l A 2O e 20 2T,
for some real numbers A, p>0,0<7<11<k<n,e, , #0.

If a, ,,>ca,,, then the number f zeros of P(z) in |Z| <06,0< 6 <1, does not exceed

. 2p+|an| +a,+(A-Dea, +|/1—1||an7k| —z'(|ao| +a,)+ 2|a0| + ZZ‘ﬂj‘
=0

log 1
o

|
™ 2]

and if &, >, _,,;, then the number f zeros of P(z) in |Z| <6,0< 6 <1, does not exceed

2p+|an| +a,+1-Dea, +|1—/1||an_k| —r(|a0| +a,)+ 2|a0| + 22‘,8]‘
=0

1 log
| 1 2|
0g —
o
Theorem E: Let P(z) = Z a, 2 bea polynomial o f degree n with complex coefficients such that for some
j=0
real a, 3,
T
larg a —ﬁ‘sasz, j=012,....,n
and

|>[a, | == 0] = A Z[an ] = ey > Ay

forsome p>0,4>01<k<n,«, , #00<7<1.

If |an—k—l| > |an_k |i.e.l >1, then the number of zeros of P(z) in |Z| <6,0< 6 <1, does not exceed
1 M,

where
M, =(p+|a,|)(cosa +sina +1) —|a, , |(cosa —sina — Acosa — Asina — A +1)

1
— 7fa,|(cos & —sina +1) + 2Ja, | + 2sin nz:‘aj‘,

j=1, j=n—k
and
if |an_k | > |an_k+1|i.e.ﬂ <1, then the number of zeros of P(z) in |Z| <06,0< 6 <1, does not exceed
1 M
TR
log — 2]
o

where

M, =(p+|a,)(cosa +sina +1) +|a, , |(cosa +sina — Acosa + Asina — A +1)

=]
—tla,|(cos @ —sina +1) + 2Ja | + 2sin o nz:‘aj‘.
j=L jen—k
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In the present paper , we find bounds for the number of zeros of P(z) of the
above results in a circle of any positive radius. More precisely, we prove the following resuls:

Theorem 1: Let P(z) = Z(;ajzj be a polynomial o f degree n such that Re(a;) =«;, Im(a;) = S;and
J:

PHo, 20, 2l A 2O e 20 2T,
for some real numbers A, p>0,0<7<11<k<n,e, , #0..

_ R
If ., >a, ., then the number f zeros of P(z) in |Z| <—(R>0,c>1), does not exceed
c

R™[2p + |an| +a,+(A-Da, , + |/I _1”an—k| - r(|a0| +oay) + 2|a0| + ZZ‘ﬂj‘]
i=0

log
logc ||
for R>1
and
|ag|+ RI2p + e, | + ay + (A =D, +|A =Y, i | = T(ao| + ap) +|ao| + || + ZZ‘ﬂj ‘]
log 1=
log c |a,|

_ R
If &,y >, ., then the number f zeros of P(z) in |z| <— (R >0,c>1) does not exceed
C

Rn+l[2p+|an|+an +(1_A)an—k +|1—2.||an_k|—T(|0!o|+ao)+2|a0|+22‘ﬂj‘]
i=0

log
log c ||
for R>1
and
|ag|+ R[2p + e, | + oy + A= D,y + L= Ay | = T(ao| + ap) +|ao| +|Bo] + ZZ‘ﬂj ‘]
log 10
logc |a,|

for R<1.

1
Remark 1: Taking R=1and C = g ,0< 6 <1, Theorem 1 reduces to Theorem D.

If the coefficients a; are reali.e. B; =0, V], then we get the following result from Theorem 1:
Corollary 1: Let P(z) = Zaj 2! be a polynomial o f degree n such that Re(a;)=a;, Im(a;) = B;and
j=0
p+a, za, ; =..a, =248, 28, ... 28 27,,
for some real numbers 4, p>0,0<7<11<k<n,a,, #0..

_ R
If a,_,_, >3a,_,then the number f zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
c

1 10g R™[2p+a,|+a, + (A -Da,, +|A-Ya,_ | —7(a,|+a,) + 2a,|
logc ||

for R>1
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and
1 l0g lag|+ R[2p +|a,|+a, + (A -Da,  +|2 - a,_ |- z(a,| +a,) +|a|
logc 3|

for R<1.

R
If &, , >a, ., then the number f zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
C

1 R™[2p+|a,|+a, + - Aa, , +1-Aa,_ | —7(a] +a,) + 2Ja,|
logc J ||

for R>1
and

1 o lag|+ R[2p +a,| +a, + - )a, , +L1-2]a,_ | —z(a,| +a,) +|a|
logc 3|

for R<1.
Applying Theorem 1 to the polynomial —iP(z) , we get the following result:

Theorem 2: : Let P(z) = Zoaj 2! be a polynomial o f degree n such that Re(a;)=«a;, Im(a;) = B,and
j=

p+ﬂn Zan—l Z ﬁn—k+1 Zﬂ“ﬂn—k 2ﬂn—k—l """ Zﬂl 2 Tﬂo'

for some real numbers 4, p>0,0<7z<11<k<n, S, , #0..

R
It By s > By then the number f zeros of P(z) in |z|<—(R>0,¢>1) does not exceed
c

Rn+l[2p + |IBn| + B, + (A _1)ﬂn—k + |/1 _1||ﬂn—k| - T(|ﬂo| + :Bo) + 2|ﬂ0| + Zi‘aj ‘]

log
logc |a,|
for R>1
and
|a0| +R[2p + |:Bn| +B,+(A-DB  + |ﬂ' _1||ﬂn—k| - T(|:30| + ) + |:Bo| + |a0| + ZZ‘aj ‘]
log 120
log ¢ £

for R<1.

R
If B, > B .1 then the number f zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
C

Rn+l[2p + |:Bn| + B, + (- l)ﬁn—k + |1_ ﬂ*”ﬁnfk| - T(|:30| + :30) + 2|ﬂ0| + Zi‘aj ‘]
log =

log ¢ |a,|

and
80| + RI2p + B, + B, + A= DBy + 1= 2B, 4~ 2(Bo| + Bo) +Bo] +ero| + 23
log 1=

logc |3,
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Theorem 3: Let P(z) = Z a, zlbea polynomial o f degree n with complex coefficients such that for some
j=0
real a, 3,

and
lp+ay|=la = =la = A =[a ] = a2 ay

forsome p>0,4>01<k<n,«, , #00<7<1.
. R
If |2, 4| >[a,_|ie.A >1, then the number of zeros of P(2) in |z| < — (R >0, ¢ >1), does not exceed
c

1. M,

logc  fa,|

where
M, =R™ (o +|a,|)(cosex +sine +1) —|a, , [(cosa —sina — Acosa — Asina — A +1)

B
~tla,|(cos a —sin a +1) + 2Ja |+ 2sin & nZ‘aj‘], for R>1
=1, jen—k
and

M, =|a,| + RI( A +|a,)(cos & +sina +1) - [a,_ |(cosar —sina — Acosa — Asina — A +1)

=)
—la,|(cos & —sin & +1) + 2a,| + 2sin nZ‘aj‘], for R<1.
j=1 j=n—k

. R
If |2, | > [a,_.1]ie.4 <1, then the number of zeros of P(2) in |z| < — (R >0,¢ >1) does not exceed
c

1. M,
——log—= ,
logc  |ay|
Where
M, =R"™[( o +|a,|)(cosax+sina+1) +|a, |(cos a+Sina—Acosa+ Asina— A +1)

1
— tlag|(cos @ —sina +1) + 2Ja | + 2sin o nZ‘aj‘] for R>1
j=L jen—k
and

M, =[a |+ RI( 0| +|a,)(cosa +sina +1) +|a, , [(cosa +sina — Acosa + Asina — A +1)

n-1
— tlag|(cos & —sina +1) +a, | + 2sin & Z‘aj‘] for R<1.
j=1,jn—k

1
Remark 2: Taking R=1and C = g ,0< 6 <1, Theorem 1 reduces to Theorem E.

For different values of the parameters R, ¢, k, A, T, we get many other interesting results.

2. Lemmas
For the proofs of the above results we need the following results:

Lemma 1: If f(z) is analytic in |Z| < R ,but not identically zero, f(0) # 0 and
f(a,)=0k=12,.....,n,then

1 cor , <, R
ZIO Iog‘f(Re9‘d9—|og|f(0)|_jz_;log o
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Lemma 1 is the famous Jensen’s theorem (see page 208 of [1]).
.
Lemma 2: If f(z) is analytic and | f (Z)| <M(r)in |Z| <r, then the number of zeros of F(z) in |Z| <—,c>1
C

does not exceed
LIog M(r) :
logc | f(0)|

Lemma 2 is a simple deduction from Lemma 1.

Lemma 3: Let P(2) = Z a; 7' bea polynomial o f degree n with complex coefficients such that for some
j=0

real a, [, ‘argaj —,B‘Saé%,osjén,and

‘aj ‘ 2 ‘aH‘,O < j <n,then any t>0,
‘taj —aj_l‘s(t‘aj‘ —‘aj_l‘) 003a+(t‘aj‘+‘aj_l‘)sina_s

Lemma 3 is due to Govil and Rahman [3].
3.Proofs of Theorems
Proof of Theorem 1: Consider the polynomial

F(z)=1-2)P(2)
=(1-2)@,z"+a,,2"" +....+2,2+8,)

n—k+1

=-a,z " + (an - an—l)z " + (an7k+l —a, )Z + (anfk - an—kfl)Z "k

+@, -2, )" .+ (8, —a,)z+a,

=—(a, +if)2"" +(a, —at, )" + oo+ (g — )"

(@ = Ui )2 (@ = Xy o) T e (2~ Tag)2
n

+(r-Dagz+a,+i)_ (B B;1)7 +ip,
i1

If o, 4 >a, ., then

Fo (g — 0, )2

+(Aa,  —a, )" —(A-Da, 2" (g~ )2 T

+(ay —tay)2 + (r =D,z + a, +in]:(ﬂj - B2} +ip,.

For |Z| < R, we have by using the hypothesis
IF(2) <ot |R™ +|B,[R™ +|AR" +|p+ &y — @y |R" + oo+ |y — 2 [R™
+|Aa, = oy R +[A =Y e, |[R™

+le s = Ay o R e+ |y — 7| R+ (L= 7)|e|R
+leto |+ Bl + 2 (13| +| B 4R
i
<R™[2p+|a, |+ a, + (A -Da,, +|4 e, | —7(a| + ) + 2a,| + ZZ‘ﬁj ‘]
i=0

for R>1

and
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£|a0| + R[2p+|an|+an +(A-De, +|/1—2I“an_k|—r(|a0|+a0)+|a0|+|,80|+22‘,8j‘
=
for R<1.

. R
Hence by Lemma 2, the number of zeros of F(z) in |Z| <—(R>0,c>1), does not exceed
C

R™[2p +|a,| +a, + (A —Da, +|A =Y, | — t(|ao| + ay) + 2a,| + 22|ﬁj|]
i=0

log
logc |a,|
for R>1
and
1 |ao| + R[2p +|a, |+ a, + (A =D, +|A =Y, | — (| + @) +|ae| +|Bo| + 22|ﬂj |]
log =0
logc ||

If o, >, ., then

F(2)=—(a, +ip)" —pt" +(p+a, —a, )"+ + (o — At )2

(@ — Xy )2 = A= Do, 2" (@ — X)) T

+(ay —ag)z+ oy + izn:(ﬂj _ﬂj—l)zj +if,.
=1
For |Z| <R, we have by using the hypothesis
IF(2) <|a,|R™ +|B,R™ +|AR" +|p+ @, =y 4|R" + oo+ |y oy — A, [R™
|ty — o |R™ +1= A, [R™
+ |an—k—l — ozn_k_2|R”_k_l + o + |a1 — ra0|R +@- T)|(ZO|R

o]+ + X (] +18, DR

<R™2p +|ay| + @y + Q- Dty +|1_z||an_k|_f(|ao|+ao)+z|ao|+zjo|ﬁj 1
for R>1 B
and
<la,| + R[2p +|e,| + a, + L= Dex,,_, +|1—/”t||ank|—z-(|a0|+a0)+|ao|+|ﬂo|+2jzn1:|ﬂj|

for R<1.

Hence by Lemma 2, the number of zeros of F(z) in |z| < E (R > 0, ¢ > 1) does not exceed
C

R"™™[20 + |an| +a,+1-VDe, , + |l— 2,||an7k| - 2'(|a0| +ay)+ 2|a0| + ZZ|,BJ- |]
log 1=

logc |a,|
for R>1
and
1 |ao| + R[2p + |a, | + ap + A= D, +[1— A, | — T(o| + @) +|ao| + | Bo| + 22|ﬂj |]
|Og j=0
log c |ao]

That proves Theorem 1 completely.
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Proof of Theorem 4: Consider the polynomial
F(2)=Q1-2)P(2)

=(l-2)(a,z"+a, 2" +....+az+a,)

n+1 n—k+1

=-a,z2"+(@, -a,,)2"+..+(@,_ -2, )2 " +(a,_, —a,_ )"
+(@ g — A, )2 T (- a)Z+ a,
If |an7k71| > |an7k|, ie. A>1,then
F(2)=-a,z" —pt"+(p+a, —a _)z" +....+(a, ,—a, )z "
+(la,_ —a_ )" —(A-Da,_z""+(a_, ,—a . ,)z" " +....
+(a, —m@,)z+(r-Da,z+a,
so that for |Z| <R, we have by using Lemma 3,
IF(2) <[a,R™ + R" +|p+a, —a, 4|R" +.ccc. +]a, 4s — 8, [R" ™ +[2a, — 2, 4|R™™
+A =1, |R"™ + [ — Ao R+ +]ay, — 7[R + (L= 17)|ag|R + [ay |
<R™[a,|+p+(p+a,|—|a,s))cosa+(p+a,|+|a, ) sina +......
+(agia| — 2 cOs a + (@, | +|ani ) Sin @ + (A =D)|a, |
+(Aa,_ |~ [an ) cos e + (Ala,_ | +]a,_ ) sine
+ @y is| —|ani2) cOSa + (|, | +]an i) SN + ...
+(ja,| - 7lay) cos a + (|ay | + 7]ag|) sin & + (L — 7)[a| +[a, ]
<R™[(p+|a,)(cosa +sina +1) —|a, , |(cosa —sina — A cos
—Asina — A +1) - zfag|(cos a —sin e +1) + 2Ja | + 2sin ni‘aj‘]
=1 7=k

for R>1
and

<lap| + R[(p +|a,|)(cosa +sina +1) —a, , [(cos & —sinar — A cos &

1
—Asina — A +1) — z]ay|(cos & —sin & +1) +|a,| + 2sina nz:|aj|]
j=1, j#n—k

for R<1
R
Hence , by Lemma 2, the number of zeros of F(z) and hence P(z) in |Z| <—(R>0,c>1) does not exceed
C

1 M,
——log
logc ~ |a,|

where
M, =R™[(0| +|a,|)(cosa +sina +1) —|a, , |(cos & —sina — Acosa — Asina — A +1)

=
—tla,|(cos a —sin a +1) + 2a |+ 2sin & nZ‘aj‘], for R>1
j=1, j#n-k
and

M, =|a,| + RI( A +|a,|)(cosa +sina +1) —[a,_ |(cosex —sina — Acosa — Asina — A +1)

=)
—la,|(cos & —sin & +1) + 2a,| + 2sin nZ‘aj‘], for R<1.
j=1 j=n—k

If |an_k| > |an_k+l|, ie. A<1,then
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F(2)=-a,2™ —pt" +(p+a, —a,,)2" +eee+ (8, .y — 48, )2

+@,, —-a, )" -1-Aa, 2" +(@,_,_, —a _, )" T+
+(a,—a,)z+3a,
so that for |Z| < R, we have by hypothesis and Lemma 3,
[F(2)| <[a,[R™ + AR" +|p+a, —a, 4|R" +.ccc. +]a, s — 48, R +]a, — 2, 4|R™™
+1-2a, R + ]y — 3o RT
+|a, — 8 |R+ (1—7)[a|R+|ay|
<R™a,|+p+(p+a,|—|a, ) cosa+(p+a,|+|a, ) sina +......
+ (|an | = Aan ) cosa + (a,_ | + Aa, ) sina +1-Afa, |
+(ja, | —|an i) cosa + (a, | +|a, 1) sine
+(|ay | —[an 2 cosa + (a, 4|+ |a, o) sine +......
+ (|ay| — 7fas ) cos a + (|a | + 7]a, ) sin e + (1 — 7)|a, | + [a, ]
<R™[(p+|a,|)(coser +sine +1) +|a, | (cos e +sina — Acosa
+Asina+1-1) —rfay|(cosa —sina +1) + 2Ja,| + 2sin ni‘aj ‘]
j=1, j=n—k

for R>1
and

<lap| + R[(p +|a,|)(cosa +sina +1) +|a,_ [(cosa +sina — Acos

-1
+Asina+1-1) —rfay|(cosa —sina +1) +|a,| + 2sina nZ‘aj‘]
i=L j=n—k
for R<1.

_ R
Hence the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
C

1 M,
——Ilog
logc EN

Where
M, =R™[(p| +|a,)(cosa +sina +1) +|a,_ |[(cosa + sina — Acos o + Asina — A +1)

1
— 7fa,|(cos & —sina +1) + 2Ja, |+ 2sin nZ‘aj‘] for R>1
j=L jen—k
and

M, =|a |+ RI( 0| +|a,)(cosa +sina +1) +|a, , |[(cosa +sina — Acosa + Asina — A +1)

1
— tlag|(cos @ —sin & +1) +|a,| + 2sin nZ‘aj‘] for R<1.

j=1, j=n—k
That completes the proof of Theorem 3.
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